The mean value inequality is characteristic for upper semi-continuous functions to be subharmonic. Quasinearly subharmonic functions generalise subharmonic functions. We find the necessary and sufficient conditions under which subsets of balls are big enough for the characterisation of non-negative, quasinearly subharmonic functions by mean value inequalities. Similar result is obtained also for generalised mean value inequalities where, instead of balls, we consider arbitrary bounded sets, which have nonvoid interiors and instead of the volume of ball some functions depending on the radius of this ball.
(ii) u is nearly subharmonic if u + ∈ L 1 loc ( ) and inequality (1) holds for all balls B n (x, r) ⊂ . Observe that this definition is slightly more general than the usual one, compare [17, p. 51] with the standard definition [8, p. 14] . 
for all closed balls B n (x, r) ⊂ .
Note that if u is K-quasinearly subharmonic and non-negative in , then (2) holds also for every open ball B n (x, r) ⊆ . Let A be a subset of the open half-line (0, ∞) such that 0 is a limit point of A and let u : → [−∞, +∞) be an upper semi-continuous function on an open set ⊆ ‫ޒ‬ n . The classical Blascke-Privalov theorem, see for example [2, Chapter II, Section 2] , implies that u is subharmonic if inequality (1) holds whenever r ∈ A and B n (x, r) ⊂ . Moreover, the simple examples show that if non-negative u ∈ L 1 loc ( ), then the fulfilment of (2) for all (x, r) ∈ × A with B n (x, r) ⊂ does not, generally, imply u ∈ QNS( ). A legitimate question to raise in this point is in finding the sets A ⊆ (0, ∞) for which every nonnegative u ∈ L 1 loc ( ) is quasinearly subharmonic if (2) holds for (x, r) ∈ × A whenever B n (x, r) ⊂ .
DEFINITION 1.4. Let be an open set in ‫ޒ‬
n . A set A ⊆ (0, ∞) is favourable for (favourable for the characterisation of non-negative, quasinearly subharmonic functions in ) if for every non-negative u ∈ L 1 loc ( ) the following conditions are equivalent:
holds whenever r ∈ A and B n (x, r) ⊂ .
We can characterise the favourable subsets of (0, ∞) by the following way. THEOREM 1.5. The following three statements are equivalent for every A ⊆ (0, ∞): 
holds for (x, r) ∈ × A whenever B n (x, r) ⊂ .
for every x ∈ (0, ∞).
We shall prove the equivalence (i) ≡ (iii) in Theorem 2.5 below. Observe also that the implication (i) ⇒(ii) is trivial and that (ii) ⇒(iii) follows directly from the proof of Theorem 2.5. The quasidisks give the important example of the sets such that (4) holds in a bounded domain ⊆ ‫ޒ‬ 2 whenever B 2 (x, r) ⊂ . It is a particular case of the GehringMartio result that proves (4) for the so-called quasiextremal distance domains in ‫ޒ‬ n , n ≥ 2 (see [7, Lemma 2.13] ).
The following result closely connected with Theorem 1.5, follows from Theorem 2.14 formulated in the second section of the paper. 
holds for all closed balls B n (x, r) ⊂ with x ∈ . (iii) There are a set A ⊆ (0, ∞) and a constant c > 1 such that:
holds for all r ∈ A.
Note that condition (iii) of Theorem 1.5 holds if and only if the set ln(A) := {ln x : x ∈ A} is an ε-net in ‫ޒ‬ for some ε > 0. A characterisation in terms of porosity for the sets A, which are favourable for bounded open sets ⊆ ‫ޒ‬ n , is proved in Theorem 2.12 below.
Generalised mean value inequalities.
Inequality (2), characteristic for quasinearly subharmonic functions, can be generalised by some distinct ways. Our first theorem characterises non-negative quasinearly subharmonic functions via mean values over some sets more general than just balls. 
Similarities of the
for every point x and all
Proof. Write
Suppose that u is quasinearly subharmonic, that is there is K ≥ 1 such that (2) holds for all B n (x, r) ⊆ . Let x be an arbitrary point of and let h ∈ Sim(p D , x ). The last membership relation implies the inclusions
where k(h) is the similarity constant of h. Consequently, we obtain
Thus, if f is K-quasinearly subharmonic, then (5) holds with
Conversely, suppose that (5) holds with some
.
inequality (1) holds with 
Inequality (5) remains also valid for unbounded sets
Proof. If D is bounded, then this proposition follows from Theorem 2.2. Suppose D is an unbounded. Let t > 1 be a constant. It is easy to show that there is a ball B n (p D , r t ) with a sufficiently large radius r t such that
Write
Note that D t satisfies all conditions of Theorem 2.2 and that
Thus, (5) holds for all h ∈ Sim(p D , x ) with C = tK.
Let ϕ : SM(‫ޒ‬ n ) → (0, ∞) be a function such that the equality
holds for all h ∈ SM(‫ޒ‬ n ) and for all isometries is :
is fulfilled for all h ∈ SM(‫ޒ‬ n ) with k(h) equals the similarity constant of h. For instance, if D is a bounded non-void subset of ‫ޒ‬ n , we can put
Other examples can be found in the final section of the paper.
Let D be a measurable subset of ‫ޒ‬ n with a marked point 
holds for every x ∈ and all h ∈ Sim(p D , x ).
It is clear that QNS( ) = Q(f, D, ) if D satisfies the conditions of Theorem 2.2 and
is valid for all open sets ⊆ ‫ޒ‬ n if and only if there is c ≥ 1 such that the inequality
holds for all k ∈ (0, ∞).
Proof. Suppose that inclusion (10) holds for all open sets ⊆ ‫ޒ‬ n .
Let be an open half-space of ‫ޒ‬ n . Then, for every k 0 ∈ (0, ∞), there is a similarity h 0 with the similarity
and it follows from (9) that
Consequently (10) implies (11) for all k ∈ (0, ∞) with
Conversely suppose that (11) holds for all k ∈ (0, ∞). Then, using Theorem 2.2, we obtain the following inequalities for every open set ⊆ ‫ޒ‬ n , every u ∈ QNS( ), every x ∈ and every h ∈ Sim(p D , x ):
Hence (9) holds with 
The following lemma will be used in the proof of Theorem 2.5. 
Proof. If statement (s) holds, then using (12), we obtain that
for every open interval (a, b) in (0, ∞) \ A. This inequality contradicts (13) .
Conversely, suppose that statement (s) of Theorem 2.5 does not hold and that 0 and ∞ are limit points of A. Then, for every natural i ≥ 2, there is x ∈ (0, ∞) such that 
Statement (iv) of Proposition 1.3 implies that u ∈ QNS( ).
Conversely, suppose that A is favourable for every open set ⊆ ‫ޒ‬ n . We must show that (s) holds. If (s) does not hold then, by Lemma 2.6 there is a sequence of disjoint open intervals in (0, ∞) satisfying (13) and (14) or (13) and (15) . Suppose that (13) and (14) hold. Then, for every integer N 0 > 2, there is a sequence of open intervals (a m , b m ) such that
and
for m = 1, 2, . . . and
Moreover, passing, if necessary, to a subsequence we may assume that
For the sake of simplicity, we shall describe our constructions only on the plane but in such a way that a generalisation to the dimensions n ≥ 3 is a trivial matter. 
that is
It is clear that u ≥ 0 and that u ∈ L 1 ( ). Moreover, since
statement (iv) of Proposition 1.3 and limit relation (18) imply u ∈ QNS( ). It remains to show that there is K such that (3) holds whenever r ∈ A and B 2 (x, r) ⊆ . If x ∈ \ X, then (3) is trivial and we must consider only x ∈ X. The last membership relation implies that there exists m = m x such that
Let us consider all r ∈ A such that
From (17) 
Indeed, the triangle inequality and (16) 
Using the last inequality, (23) and (16) we obtain
for these x and r. Hence, the equality
holds for such x and r. Write
where the infimum is taken over the set of all balls B 2 (x, r) with x ∈ B 2 (z m , a m ) and with r ≤ a m . If r is fixed and
(see Figure 2) . Thus, we have
The right-hand side of the last formula is invariant under the similarities. Consequently, using the similarity
we see that 
The last equality, (26) and (28) imply that whenever r ∈ A and B 2 (x, r) ⊆ . Thus, the theorem is proved in the case, where limit relations (13) and (14) hold. Similar constructions can be realised if (13) and (15) 
PROPOSITION 2.7. Let A be a subset of (0, ∞). Then, statement (s) in Theorem 2.5 is valid with this A if and only if there is ε > 0 such that ln(A) is an ε-net in ‫.ޒ‬
Proof. If (s) holds, then ln(A) is an ε-net with ε = ln C, where C is the constant in (12). If (s) does not hold, then Lemma 2.6 implies that ln A is not an ε-net for any ε > 0.
Using this proposition and analysing the first part of the proof of Theorem 2.5, we obtain the following. PROPOSITION 2.8. Let A be a subset of (0, ∞). The following three statements are equivalent.
The condition for the set A ⊆ (0, ∞), to be favourable for all bounded domains can be presented in terms of porosity of A, so recall a definition. ⊆ (0, ∞) . The right porosity index of A at 0, i 0 (A), is defined to be the supremum of all real numbers r for which there is a sequence of open intervals {(a n , b n )} n∈‫ގ‬ , a n < b n , such that lim n→∞ a n = lim n→∞ b n = 0 and (a n , b n ) ⊂ (0, ∞) \ A and r < b n − a n a n for each n ∈ ‫.ގ‬ If no such numbers r exist, then following the usual conversion we define i 0 (A) := 0.
The following lemma is a particular case of Lemma A 2.13 from [19, p. 185].
LEMMA 2.11. The equality Proof. It follows from Lemma 2.11 that p 0 (A) = 1 if and only if i 0 (A) = ∞. Using the definition of porosity index i 0 (A), we can prove that the equality i 0 (A) = ∞ implies the existence of disjoint intervals (a n , b n ) ⊂ (0, ∞) \ A, n = 1, 2, . . . , such that equations (13) and (14) hold. It was shown in the proof of Theorem 2.5 that if (13) and (14) hold, then there are a domain ⊆ ‫ޒ‬ n and a non-negative u ∈ L 1 loc ( ) \ QNS( ) such that (3) holds whenever r ∈ A and B n (x, r) ⊆ . It remains to observe that inequality (19) 
ޒ‬ Hence, reasoning as in the first part of the proof of Theorem 2.5, we can prove the implication 
has the same property.
Proof. One just directly observe that if condition (s) holds for the set A with a constant C, then condition (s) holds for the set αA β with the constant C ≥ C β . Now, we are ready to characterise the function f : (0, ∞) → (0, ∞) for which the equality 
Proof.
Let be an open set in ‫ޒ‬ n , A ⊆ (0, ∞) and c > 1. Assume that ln(A) is an ε-net in ‫ޒ‬ for some ε > 0 and that (31) holds with this c for all k ∈ A. Then, using (9) and (31), we obtain
for every u ∈ Q(f, D, ) and every x whenever h ∈ Sim(p D , x ) and k(h) ∈ A. As in the proof of Theorem 2.2 write 
is not an ε-net for any ε > 0. 
if a m < k < ma m , and that As in the proof of Theorem 2.5, we consider only the case when (36) holds and the dimension n = 2. We shall construct a domain ⊆ ‫ޒ‬ 2 and a non-negative u ∈ L 
where c ≥ 1 is the constant from inequality (37). Inequalities (34) and (37) imply f (k) ≤ f 1 (k) for all k ∈ (0, ∞). Hence, from the definition of the set Q(f, D, ) follows the inclusion
Thus, it is sufficient to find a domain ⊆ ‫ޒ‬ 2 and a non-negative u ∈ L The parameter N 0 is free here and we will specify this parameter later. It is relevant to remark that the domain is obtained from the domain depicted on Figure 1 , by deleting of the balls B 2 (z 1 , 
for all h ∈ Sim(p D , x ) with x ∈ X. Let x ∈ X. It follows from the definitions of and X that there is m ≥ N 0 + 1 for which x ∈ B 2 (z m , a m ).
We claim that the inequality
Since k(h) ∈ (0, a m ], we see that .
